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Let K be nonempty closed convex bounded subset of a real
uniformly smooth Banach space with modulus of smoothness of power
type ¢ > 1 and T: K - P (K) a multi-valued quasi-contractive mapping
has a fixed point. We proved that the sequences of Mann and Ishikawa
iterate converges to a fixed point of T. The result generalizes and
extendes former result proved by Sastry and Babu [17].
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Introduction

In 1974, Ciric [8] introduced a new mapping which is known as
quasi-contractive mapping. Let K be a nonempty subset of normed linear
space X and T is a mapping of K in to itself. Then T is said to quasi-contractive
([81), if there exists a constant K € [0, 1) such that

Tx= Tyl <kmaxtx—yl. [x=Tx|l. ly-Tyl.
[Ix=Tyll, Ty =TI} (1.1)
for all x, y € K. In [16], Rhoades showed that the contractive definition (1.1)
apart from being an obvious generalization of the well known contractive
mapping is one of the most general contractive definitions for which Picard
iteration give a unique fixed point.
In [15], Rhoades examined the following two iteration processes:
(a) Mann iteration process defind as follows:
For K a convex subset of Banach space X and T be a nonlinear mapping of
K into itself, the sequence {x,} in K defined by
X1 = (1= ap dxn, + anTxy,
Where {a,} is sequence in [0, 1] satisfy certain restriction.
(b) Ishikawa iteration process defined as follows:
With Kand T as in (a), the sequence {x,,} in K defined by
Xn+1 = (1_ an )xn + Ty,
Yo = (1= By )xn + BnTixn,
Where {a,,} and {B,} are sequences in [0, 1] satisfying certain restriction.
2000 AMS Subject Classifications: 47H10, 54H25.

The above iteration processes have been studied by several
authors (see e.g., Chidume ([3, 4, 5, 6, 7]), Ishikawa [9], Mann [11], Qihou
([14]), Rhoades ([15]), for approximating solutions of several nonlinear
operator equations. Moreover, it is well known that the two schemes may
exhibit different behaviours for different classes of nonlinear mappings (see
e.g., Rhoades [15]).

The study of fixed point problems for multi—-valued mappings was
initiated by Kakutani in 1941. Later several authors have worked on this
setting. For instance, Nadler jr. [13] has generalized the Banach
contraction principle theorem to multi-valued mappings. Subsequently
Assad and Kirk [1] have worked with contractive type mapping and Markin
[12] pursed the theory to nonexpansive mappings in multi-valued setting
and many others in these directions.

Let X is Banach space. A subset of K is called proximinal if for
each x € X; there exists an element k € K such that

d(xk) =d(xk) = inf{|x-y|: yek},

It is well known that every closed convex subset of a uniformly
convex Banach space is proximinal. We denote the family of all nonempty
bounded proximinal subset of K by P (K). Let A, B be two bounded subsets
of X. The Hausdroff distance between A and B defined by

H(A,B) = max{supd(a,B),supd(b,A): A, BeP (K)},

aeA beB
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Where d(a,b) = inf{||la- b||:beB} is the
distance from the point a to the set B.

Recently, Sastry and Babu [17] extend the
convergence results from single valued maps to
multi-valued maps by defining the analogs of Mann
and Ishikawa iterates for multi-valued maps with a
fixed point.

Definition1.1.

(Sastry and Babu [17]). Let K be
nonempty convex subset of X,

T:K - P(K) a multi-valued mapping and fix

peF (T).

(A) The sequence of Mann iterates is defined by
€K,

Xp41 = (1 —ay)x, + 0pu,, 0,€[0,1]; ¥n = 0
Where u,, € Tx, is such that||un -p || =d (T Tx, ).
(B) The sequence of Ishikawa iterates is defined by
e K,

Xp41 = (1 —ay)x, + oz, 0, €[0,1]; ¥n = 0
Where z, € Ty, is such that ||z, - p|| = d(p, Ty, ).

vo=(1- Bn)xn +B,2n,B,€[0,1];¥Yn = 0
Where z, € Tx, is such that ||z, - p|| = d (p, Tx,).
Fixed Point Iterations for Multi-valued Mapping in
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Definition1.2

(Sastry and Babu[17]). A multi-valued
T:K —» P (K) is said to be quasi—contractive if for
some constantk, 0 < k < 1
|Hx - Hy| <
e max{ I(Ifé)yll,d(x, Tx),d(y, Ty),d(y, Tx); d(x,Ty)}

For all x,y € C. A point x is called fixed point of T if
x e Tx.

In [17] Sastry and Babu proved the
following theorm:
Theorem 1.3

(Sastry and Babu [17], Theorem 9, p.824).
Let K be a closed convex bounded subset of Hilbert
space X. Suppose T: K — P (K) is quasi contractive
(1.2) and has a fixed point p e F (T). Let {a,} and
{B.} be real sequences such that 0 < «,, £, <1
forall nand g, - 0 as n » ~ with § < an <
1- k* for someé > 0. Then sequence of
Ishikawa iterates defined by (B) converges to p.

The main purpose of this paper extend

the convergence result of Sastry and Babu [17]
from Hilbert space to uniformly smooth Banach
space with modulus of smoothness of power type
q > 1, and also our result extends the
convergence result of Chidume and Osilike [7] from
single—valued maps to multi-valued maps.
Preliminaries

We begin with the following definition and
lemmas:

Let X be a Banach space. The modulus of
smoothness of X is the function

pX : [0,2) = [0,%)

Defined by
pX(T) := sup{%("x +y] + Ix=vylh-1:lIxls 1
Iyl <.
X is said to be uniformly smooth if:

lim 1o %(” = 0:
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A uniformly smooth Banach space X is
said to have smoothness of power type q > 1 if
there exists a constant ¢ > 0 such that pX(r) <
cti.

Let ¢ >1, ], denotes the generalized
duality mapping from X to 2% given by

Jg@ = {frex i< xf>= ||x||"]

= =1}
Where X* denotes the dual space of X and

< ., . > denote the generalized duality pairing. In
particular J = J is called the normalized duality

f

mapping and J, = ||x||q_2 J(X)if x # 0. It is well
known that (see e.g., Xu [19]) X is uniformly
smooth, if and only if J (and henceJ, ) is single
valued and uniformly continuous on any bounded
subset of X.
In this sequel, we shall need the following lemmas.
Lemma 2.1

([18], Corollary 1, p. 1130) Let X be a
uniformly smooth Banach space. Then X has
modulus of smoothness of power type ¢ > 1 if and
only if there exists a constant ¢ > 0 such that

||x+y||q < ||x||q +q<yJ,(x)> +c||y||q (2.1)

forall x,y € X.

For Hilbert space q = 2, ¢ = 1 and equality
holds. For p = 2,L, or (I,) spaces have modulus
of smoothness of power type q = 2 and (2.1) is
satisfies with c = (p-1) (see e.g., Xu [18]).
Lemma 2.2

(Chidume and Osilike [7], p.206) Let X be
a uniformly smooth Banach space with modulus of
smoothness of power typeq > 1. Then for all
x,y,zeXand te[0,1],

lex + (- o)y~ 2z]" < [1- £ (q- D]lly - 2]" +
telx- z||°
—t[l—tq‘lc] Ix-y|% (2.2)
Where ¢ > 0 is a constant appearing in (2.1).
Lemma 2.3

(Liu [10], p.118) Let{a,}n=0,{b,}n=>
0,{c,}n =0, and{t,} n =0, be four

sequences of nonnegative numbers
satisfying the inequality:

ap+1 < (A-t)a, + tyb, + ¢, forall n = 0,
where{t,jn >0 c [0,1], ¢, <%and lim,.b,
Y t, =00, Y =0.Then

n =0 n=0
lim, . a, =0.
Main Results
Theorem 3.1.

Let X be a real uniformly smooth Banach
space with modulus of smoothness of power
type g > 1. Let K be a nonempty, closed convex
and bounded subset of X. Suppose T: K - P(K)
is a multi-valued quasi-contractive mapping and
has fixed point p. Let
(i) c=14q9-12= ck9,

where c is the constant appearing in (2.1).
Let {a,} and {B,} real sequences in [0,1] satisfying
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the condition:
(i) Xpoion = oo,
(ii) limpe B, =0
(iv) cal™ —ckiB,(q—1) <1—ckq,
- 2-ck?
(V) Cﬁq 1 ST
Then for any x, € K , the sequence {x,} defined by
(B) converges to a fixed point of T.
Proof
Let p be fixed point of T then by using
Lemma 2.2 and (B), we have
Fixed Point Iterations for Multi-valued Mapping in
Uniformly Smooth Banach Spaceb

||xn+1 - p"q = " (1_ an)xn + aan’LT p”q
< (- )@= D5 p|" + can |z~ p||’
—a,(1- a,‘i_l) |- 2o || (3.2)
Again

Iz~ pll = d@.Ty)
< maxd(z, Ty,)
zeT,
< H(T,, Ty,).
Therefore,
lz2- pll* = HI(Tp, Ty,
< ktmax {[ly- p[1°, 49 G, Tya), (0, Ty} (3.2)
If d%p, Tyn) is maximum, then
Hi(Tp, Ty,) < kid%(p, Ty"
< kYmaxdi(z,Ty,)
zeT,
< k9HI(T,, Ty, ),
so that 0 < |z, -p||" < HY(Tp,Ty,) =
0. Hence, from (3.2), we get always
.- pll< KOmax { | ya- pl|*, 4" G, Tyn)},
< k[ [lyn- pIl" +d20n, Ty (3.3)
Using Lemma 2.2, (3.3) and (B), we have
lya - ol = 1(1-B)x% + B,z - plI°
<(1-B,a- Dlxa-pll" + Byellza - p]"
-8, (1- B2"¢) [1xa - za|° (3.4)
dq(anTYn) = ||Yn_ Z;l ”q
= ”(1 - Bn)Xn + ann ~Zy "q
< (1-B,(a- Dlxy -z, | + Byellza -z, "
- B, (1-B27"¢) % - za 1. (3.5)
Using (3.3),(3.4) and (3.5), we have
Iz - ol < k¢ @-B, (@- Dl -p]*
+ k9B, cllz, - p|
+ kB, cllz - z, || " k9 (1- B,a- D) [x0 - 2,
- 2k9B, (1- B2 ¢) [Ixn - za || . (3.6)
Similar to the inequality (3.3), we get that

lz.-p[* = di(p Tx,)
< HI(Tp, Tx,)

< K[ ||x, - p||* + d9(xy, Tx)]. (3.7)
From (3.6) and (3.7), we get

Iz -pl* < k%, -pll + ko B,cllz, -7, |
+ k(1 - B, (a=1))[Ix, - 2, |
- K98, (z - 2% e ckq)dq(xn,Txn). (3.8)
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From (3.1) and (3.8), we have
a1 -l (1- 0w G- D)o - pl* - (1= 6} ") Ixn - 2,
+c0, [k || %0 = || + KIB, |20 - 2, ||

+ k4 (1 -B,(q- 1)) [l %a - Z’n ||q
—kIB, (2 - 2B e~ ck9)dd(x,, Tx,)]
< (1- ou(q- 1- kD)%, - p||q c?a,B k| z, - z" ||q
—ckla, B, (2-2 Bg_lc - ¢ck9)d9(x,, Tx,)

—a, [1— ag_l ckd (1— Bn(q - 1))] ||xn -z, || . (3.9
As B, - 0 as n — «, there exists a positive
integer N; such that

2 —ckd

cBg_lgTVn > N,

so that

2- ZBE_IC— ckd > 0Vn = N;.
Fixed Point lterations for Multi-valued Mapping in
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Also we have

al™te—ckiB,(q—1) <1 —ckd,
Implies that

1-—a?c—cki1-B,(g—-1) =0,
For alln = N;. Consequently, from (3.9), we get
that for sufficiently large n

q q
%011 - pI” < (1 =@ =1~ kD) [x- p|
+a, BncquD, (3.10)

Where D is the diameter of C. Now by using lemma
2.3, the sequence {xn} converges to p as n — .
Remark 3.2

For Hilbert spacesq=2andc=1, so
that if we set ¢ = 2 and ¢ = 1 in Theorem 3.1, then
condition (gq- 1- ck9) reduces to(1- k?) < 1.
Moreover, conditions (iii), (iv), and (v) reduce to
exactly the same condition of theorem 9 of Sastry
and Babu [17].
Theorem 3.3

Let X be a real uniformly smooth Banach
space with modulus of smoothness of power
type g > 1. Let k be a closed convex and bounded
subset of X. Suppose T: K - P (K) is a quasi-
contractive and has fixed point p. Let {a,} be a real
sequence satisfying:
(i) V0<a,<1foralln=0
(i) lim, . a, =0,
(il)) Xty =,
Then the sequence {x, } defined by (A), converges
to a fixed point of T.
Proof. By using Lemma 2.2 and (A), we get

"Xn+1 - p"q = ”(1 _Gn)Xn +Gnun_ p”q
< (1 _Gn)(q_ 1)"Xn_ p”q +qncllun_ p”q
—a, (1= a2 % —uy || (3.11)

Similar to inequality, we get
lun-p[|* = d9(p, Txy)
< HY(Tp,Tx,)
< k|| xy- p||* +d9(xy, Txy). (3.12)
Then From (3.11) and (3.12), we get
||Xn+1 - p”q(l - an(ql) ”Xn_ p ”qaanq ”Xn_ p”q
+ea,k1d? (x,, Tay) — @y (1= a2 7'¢) [Juy — %, |
< (1-x, (g —1-ck)|x.- p|*
—x, (1—-c¢ ocd ™ ck®)d? (x,, Tx,).  (3.13)
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Condition (ii) implies for some N, sufficient large
NoeN,(1—a,(q—1—ck?))<1land (1-
ang—1-ckqgz0 so that from (3.13), we have

"Xn+1 - p"q < (1 —Xy (CI -1- qu))"Xn_ p”q
(3.14)
Iteration of inequality (3.14) from j = N, to N yields,

lxs1 - Pl < Mno(1 = ay(a — 1ck®)) [[xo- p[|*0
as n— « by condition (jii). Hence x,, - © asn — «.

Conclusion

(4.1) We conclude that, by theorems 3.1
and 3.3, either Mann or Ishikawa iterates can be
used to approximate the fixed point for multi-valued
quasi-contractive mapping in real uniformly smooth
Banach space with modulus of smoothness of
power type q > 1.

(4.2) Theorems 3.1 and 3.3 extends
Theorem [9] of Sastry and Babu [17] from Hilbert
space to more general Banach space.

(4.3) Theorems 3.1 and 3.3 extends
Theorems 1 and 2 of Chidume and Osilike [7] from
single valued maps to multi-valued maps.Fixed
Point lterations for Multi-valued Mapping in
Uniformly Smooth Banach Space 9.
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